APPENDIX

This is the technical report of the manuscript “Incentivized Online Learning (IOL) Mechanism Design” accepted by IEEE
INFOCOM 2022. The remainder is organized as follows:

« Appendix A provides the proof of Theorem 1 and Theorem 2.

« Appendix B provides the proofs of Theorem 3 and Corollary 1.

« Appendix C provides two lemmas, which are used in Appendix A.
« Appendix D provides two lemmas, which are used in Appendix A.

A. Proof of Theorem 1 and Theorem Theorem 2

Proof of Theorem 1. We first introduce several preliminary results in Step I, and then prove this theorem in Step II based on
the results in Step I. For notation simplicity, we will suppress the time index ¢ in this proof.

Step I: Recall that ¢ = (¢, : Vn € N) is the agents’ real cost. We let é = (é_y,, é,) denote the bidding cost of all agents,
where é_,, is the bidding costs of all agents except agent n. When agent n truthfully reports his cost, i.e., é, = c,, we let
x* denote the corresponding optimal assignment, i.e.,

* A A A
«” = max L(x, AT, E_p,Cp). (28)

If agent n does not truthfully report, i.e., é, = ¢,, we let £* denote the corresponding optimal assignment, i.e.,

—x A A oA —
¥ = Imnea)? L(x,\;7,é_p, Cp). 29)
Based on (28) and (29), we have
L(x* N, E—pycn) > L(T* AT, 6-0,C0) - (30)

According to the definition of £* ,(-) in (20), we have
LX (AN F e n,cn) =L, (AP, E_pn,Cp). (31

Step II: We take agent n as a representative agent. When agent n truthfully bid, given the bidding outcome (é_,,, c,,), the
payoff of agent n is given by

K
Up(é—n,cn) = [Z PRt — A fa(®%,1N) + Loy (8%, 6p, €n) — L2, (A, 7,6, cn)] = enn
k=1 =
K K (32)
= Z Tkxn £~ Anfn (-’B ]-N Z Cn kxn Tt L n (-73 P, € _n, cn) Ein (>\7 P, Cn, cn)
k=1 k=1
=L(x* NP, é_pn,cn) — L, (AT, é_n,cn),
where the last equality follows the definition of £(-) and £_,,(-).
When agent n does not truthfully bid, given the bidding outcome (é_,,, G, ), the payoff of agent n is
U C_n, Cn - [Z Tkl’n kE nfn(a_z*y 1N) + £—n (53*7 >‘v ﬁv é—n ) Etn ( ) c—na cn ] - Z cn,k‘f;,k
- (33)
[Z T‘kl‘n kE A fn(w 1N) Z Cn, k-i':;]q + £—n (:E*a )‘7 7,;7 é—na ) ‘C* (>‘ C—n7 Cn)
k=1
(a)ﬁ( rvé—nvcn) 7‘Cin (Avﬁvé—naén) )
where the last equality follows the definition of £(-) and £_,,(-).
Comparing (32) and (33), we obtain
Un(é—na Cn) - Un(é—na En)
:L (CB*, )‘a ’Fa 6—na cn) - ‘Cin ()‘7 ’i;a é—na cn) - ‘C (:i*7 Av 727 é—na cn) + ‘Cin (Aa ’Fa 6—’n,a E?L)
(@ (34)

SL(x* N T Epny ) — L(TX AP, 6, Ch)

®)
=0,



where the equality (a) follows (31) and the inequality (b) follows (30). This means that it is the dominant strategy for agent
n to truthfully bid. Accordingly, the payoff of the agent n at the equilibrium is

Un(e) = L(x*, X\;7,¢) — L%, (A, #,¢) >0, (35)

—-n
which indicates that @, = 1 for any agent n € N. This completes the proof of Theorem 1. O

Proof of Theorem 2. We will prove this theorem in three steps.
Step I: We drive an upper bound for Vio(T"). Specifically, the updating policy (16) indicates that

)\;—H = ()\% + ﬁ[fn(@t, 1N) - ¢n])+ > )\2 + n[fn(jt> 1N) - ¢n]7 (36)
which leads to
X X 2 [ fa(@ 1) — ). (37)
Summing the inequality over ¢t € {1,2,...,T} yields
T T
R /\t+1 o )\t )\T+1
> [@ 1) = 6a] < 30 At B (38)
t=1 t=1 n g

where the last equality follows the telescoping technique and A' = O in Algorithm 1. Therefore, the fairness violation has
the following upper bound

E[AT+! vVNO
Vio(T) < BN 2(6) + ——, (39)
U o1
where the last inequality follows from Lemma 1.
Substituting the step-size 1 = AE+2VOKTInT Vgg‘I)T“‘T, we obtain

[1]
[1]

1 VNO?T 02V NT ©? [NT
Vio(T') <E(d) + = - <E(0) + ———= <E(0) + ==\ == (40)
0 4K +2V6K®TInT 20v/6K® 45V K®

which completes the proof of Step I for this theorem.
Step II: We derive an upper bound for the cumulative regret Reg(7"). The updating policy (16) leads to

t+1\2 _ [\t ot _ +12 (2 ¢ ot B 2
()" = [ + @ 1) = 0]) ] = M nlfal@ 1n) — 00]
— (A2 4+ 02 [fa(@, 1n) — 6] + 20\, [fu(@ 1) — 6], (41)

(b)
< (L) + 02| Fu(@ 1n) — 6| + 200, [fu(@', 1n) — 0],

where the inequality (a) follows (z)* < |x| and the inequality (b) follows 22 < x for any x € [0, 1]. Now we derive an upper
bound for "N | £, (2", 1x) — ¢,] in the following

N (a) & N ®)

Z ‘fn(itv 1N) - ¢n| < Z |fn(i't7 1N)‘ + Z |¢n| < min(K, N) + @,

n=1 n=1 n=1

N N 42)
Do lfa(@1n) = ¢nl <D 1=N,

n=1 n=1

where the inequality (a) follows from the triangle inequality, the inequality (b) follows from 25:1 | frn(x, 1n)| < min(K, N)
for any = € X. Hence we obtain ZnN:1 |fn (28, 1N) — dn] < O.
Based on (41) and ny:l |fn(2',1N) — ¢n| < ©, we obtain

N
IATFHZ = A3 <n?© + 20 > AL [fa(@', 1n) — 4]

n=1

=n"O +2nS(&", 1n; 7", &) — 2

N

n=1

<n*O +2nS(&', 1y; 7, &) — 21

N
S@ 1n; e = Y N [fa(E 1y) - ¢n]] ,

n=1



where the assignment Z* represents the optimal assignment policy in Baseline 1 and the last inequality follows the definition
of (15). Taking the expectation leads to

E[|A1[3 — |AI3] <On® + 20E[S(@', 1n: 7, &) - S(&', 1 M]+znZE[At [£a(@,15) = 6a] |,
n=1

(44
<O + ME[S(#, 1y; 7, &) - S(@, 1y 7, &),
where the last inequality follows that E AL (f(ZL, 1n) — ¢n)] = E[XL] - E[fu (&8 1n) — ép] < 0.
Summing the above inequality over ¢ € {1,2,...,T} and using telescoping technique, we obtain
T
AT < Ton® + 27 Y E[S(&, 1y 7, &%) — S(&, 1y 7, &")]. (45)

t=1

On the RHS of (45), we have

T N K
OSTE SN (7 — ) dhg — (7 — )@ (46)

T N K
I Z Z - Tk - (722 - fk)jfl,k

where the equality (a) follows from the truthful bidding proved in Theorem 1, and the equality (b) follows the definition of
Reg(T') and the definitions of W} and W as follows:

=
>

WE

M=

(P = 7) e

n=1k=1
N K 47)
WYY (=)
n=1k=1
Substituting (46) into (45) and using |AT*1]|3 > 0, we obtain
= onT onT
Reg(T) < Z]E[Wf + Wﬂ + g < 4K +2\/6K[Vio(T) + I®]InT + 727 (48)
t=1
where the last inequality is based on Lemma 3 and Lemma 4 in Appendix D.
With the step-size n £ 2EE2VEESTINT ' we obtain
Reg(T) <4K + 21/6K [Vio(T) + T®|InT + 2K + V6KT®InT 49)

<6K + 3y/6K [Vio(T) + T®]InT,

which completes the proof of Step II for this theorem.



Part III: Next we analyze the principal cumulative profit. The profit of the principal in slot ¢ is given by

V(.’B 71Nar ) - Zg;
n=1
K N N K
=Skt = ST Dl = AL fa(@ 1) + L@ AL 2 - £, (A7 8
k=1n=1 n=1 k=1
N K N N
==Y > (Fh =) Eh A @ AN+ Y [L5, (N E) — Lo (8, A A )]
n=1 k=1 n=1 n=1
N K
== > (= k) dne

where the last inequality follows that ! f,, (2%, 1x) > 0 and £* (XY, 71, 8") > L, (&%, X', 7, é&') for any n € N.

Taking the expectation and summing over ¢ € {1,2,...,T}, we obtain

T :
0 <Pro(T) + ZE [W{] < Pro(T) + % + 2\/6KT [(I) + VI}(T)] InT,
t=1

where the last inequality follows Lemma 3. This completes the proof of this theorem.

B. Proof of Theorem 3 and Corollary 1

Proof of Theorem 3. We decompose the cumulative degradation as follows:

T N K
Deg(T) = SIT =D SN E[(7 —cl y) il 1]
t=1n=1k=1
T N K
S H B ACCEERERELICEFREREEICETRERY
t=1n=1k=1
N K
= [ST =D D E[(7 —chg) k] | +Reg(T)
t=1 n=1k=1
where ! corresponds to the optimal assignment policy defined in Baseline 1. Moreover, based on Baseline 2, we have
K
ZZE k—C ;,k] :Z [(Fk—cmm ZE k—C fL,k‘:I‘|
n=1k=1 k=1 n=1

k=1 k=1

(50)

(S

(52)

K K
a
<> { — Cuin) P — E Krk - ggﬁcz,k) p;’;” => (E Lrgél}\l/c k] - Cmin) Phs

(53)

where p* = (p}, : Vk € K) is the optimal solution in (12), and the inequality (a) follows the definition of the optimal assignment

policy in Baseline 1,

For notation simplicity, we define Y}, £ min,cn sz,k:- Given the PDF g, ;(-) and CDF G, x(-) of the agent n’s cost

{c}, 1, : Vt}, one can show that the CDF of Y}, is given by

0, if ¢ < Cmin,

Pe(c)=Pr(Yy<c¢)=1-Pr(Ypy>c¢)=1-Pr(c, >c,VneN) = {1—[1—Gk(c)]N .

Based on the above discussion, the expectation of Y}, is given by

E[Vi] = /O 2 dPy(2) = Conin + / [ — Gi(2)Vdz.

min

(54)

(55)



We substitute (55) into (53) and obtain

ZZE L 2_: / [1— Gz Ndz—z / Gz()z dGi(=). (56)

n=1k=1 Cmin

According to the mean value theorem for integral, there exists a constant € such that

— Gi(z e
Z / Z<) AC (= <Zpke/ 1= Gu) dGle) = 25, (57)

where last equality follows from [ (1 — 2)Ndz = 7 and Y1, pf = ® = a. Therefore, we have

Toe
N+1
This completes the proof of this theorem. O

Deg(T) < Reg(T) + (58)

Proof of Corollary 1. We have ¢p,in = /N and © = min(K + «, N). According to Theorem 2, we let § = @ and =(9)
is given by

_ 3VN©? 20 3VNO  6/NOe? 40 3f N©
2(9) = 1 + = In
(bmm - ¢m1n - 26 d)mm quin ¢mm (59)
6V N3 @2 INO\ | 3VATe _ 67702 (4TPO\ 3776
= In + In 5 + ,
e a @ Va a3 Va
where the last inequality follows that N = |a3T?| < a3T?. Moreover, we have
o [NT _(K+ap [NT _(K+aP [T
46 VK®  20min VEKa o 2a Ka (60)
/ 2
< (K + Oé) \/»TSB T (K + Ol) \/W7
Ka 20K
where the inequality follows from N = |« TBJ < asTh.
In this case, the fairness violation is given by
38 38
TZ0% (418 T K
vio(T) < L2900, (H100) L 3120 (K+a) s < o \/KT1+3 61)
\/E o3 \/a 20K
The cumulative degradation is
Tae Tae Tae 2
Deg(T) < Reg(T) + —Reg(T)+ ————— <Reg(T) + —— = O(a3T' 9, 2
eg(T) < Reg(T) + - = Reg(T) T 11 og(l) + 5 =0l ) (62)
Furthermore, the regret and principal’s profit satisfy
Reg(T) < O(VaKTInT) 63)
Pro(T) + O(VaKTInT) > 0.
This completes the proof of this corollary. O
C. Lemma 1 and Lemma 2
Lemma 1. In Algorithm 1, for each slot t, we have
E|| At NO
I 5(5)+—f : (64)
7 on
where Z(0) is given by
NO?2 2 N
E(6) 2 3VN© In © + S\F@. (65)
¢min -0 ¢min -0 26



Proof of Lemma 1. For notation simplicity, we define Z* £ ||\f/n]|a, where || Af[2 = 1/30_, (A%)2. Based on the property
of Z! in Lemma 2, we are able to use Lemma 4 in [Neely] to show that the following inequality holds

. 2¢7(©+0)
E{e”z} <14 (66)
7(¢min - 6)
where v is given by
_ (bmin -6 (67)
7= 82 + @(¢lein - 6)/3
Based on the above inequality, we obtain
v(©+0) . ¢ (b) AL ] (e) 2NN
+2€72E[87Z} (;)E[ewxnz} zE[e nml} Zevnm17 68)
’Y(Qsmin - 5)

where the equality (a) follows the definition Z* £ ||\ /7|2, the inequality (b) follows [|A![|; < v/N||A||2, and the inequality
(c) follows from Jensen’s inequality and the convexity of e”. Rearranging the above inequality leads to

t v(©+0) (a) 2,.,7(©+0) (b) 2,.,7(©+0)
E|,\||1§\/Nhﬂ<1+ 2e )S\/ﬁln<1+8@e ><\Fn(11®e 2)
n Y 7<¢nlin - 5) 0 (¢m1n - 5) Y 3(¢min - 5)
c) 2
< VN {2111(2@) +7(®+9)} < 3VNO 5 < 26 ) +VNO +VNb
Y (bmin -4 ¢m1n - (bmin -4 (69)
~ 3VNe? 20 VNGO \/N@
d)mln - 1 <¢mm - ) + \/N@ + 26 + 57] ’
(d) 2
9 f@l 20 +3\/N@+\F@7
¢rnin - ¢min -9 20 57’]

where the inequality (a) follows v > 3 4’““ accordmg to (67) and ¢pmin—0 < ©. The inequality (b) follows that 1 < %,

the inequality (c) follows v > i¢mé“2 5. The inequality (d) follows 1 < % for any § € (0, ¢min)- This completes the proof of
this lemma. O

Lemma 2. For any slot t, we have

zH -7t <e. (70)

For any 6 € (0, puin), we let § = —5 + %. Then we have

o, if Zt < 0,
E [z - 724 Z'] < ’f : (71)
7(¢min75)7 le 20
Proof of Lemma 2. We prove (70) and (71) in two steps, respectively.
Step I: According to the definition of Z!, we have |Z!T! — Z!| = |H>\“’1H+H>\*H2| Next we derive a upper bound for
ALl — [|At]|2 as follows:
t+1 TR I TR - 1yt 9 . ot @
INFH L = Il <IN = Ao < I =N = YOI AL < 0 ) @ 1) = gu] < 0O, (72)
n=1 n=1

where the inequality (a) follows from the triangle inequality, the inequality (b) follows from ||x||2 < ||x||1, the inequality (c)
follows from the updating policy (16), and the inequality (d) follows from (42). Therefore, we have |Z t+l_ 7 t\ < 0.



Step II: To prove (71), we only need to show that E[Z!*! — Z!|Z!] < —(¢min — ) if Z! > 6. Based on the first inequality
in (43), we have

N
AU~ A3 <0%€ + 20 3 N [£u(" 1) — 6

n=1

(a) al
<%0 4200 — 21 (S(ﬁ;t, i, e") = 30 L[ fal@' 1) — M) (73)
n=1

()

<n?0 + 270 — 2 | S(0,15; 7, &) ZM [fn (0,1y) — qsn})

n=1

e S

(c)
=" + 210 — 20 Y " Nydn < 7?0 + 200 — 2nPmin | A |1,
n=1
where the inequality (a) follows S(&%, 1y, 7, &") < min(K, N) < O, the inequality (b) follows the definition of & in (15),
and the inequality (c) follows from the definition of ¢uip.
Accordingly, we obtain

E[IA1 ] — A2 |A] W E (A3 = 3|2 ) 70 +26 — 2pin N
U - 2[|A*[l2n - 2[| A%l (74)

©) O + 20 (d)
S EPNTEVITHE ¢min S 7(¢min - 5)7
2[| A%l

B[z - 7'|2'] =

where the inequality (a) follows y — z < v o ® for any z,y. The inequality (b) follows the 1ast inequality in (73). The
inequality (c) follows that ||z||2 < ||||;. The inequality (d) holds if Z! = |A!/n|l> > 6 £ £ 5 + 57] This completes the proof
of this lemma. O

D. Lemma 3 & Lemma 4
Lemma 3. Define W} as follows:
N K
=3 (P — k) &g (75)
n=1k=1
We have

5K Vio(T
ZE{W1}<+2\/6KT {q>+ loT( )}mT. (76)
t=1
Proof of Lemma 3. To prove this lemma, we need to introduce some new notation.

o We define a set of events E} £ {#! < 7;}. Moreover, we let £} denote the complement of the event EY.

o We define event F}} as follows:

i _ 31n(t
Fp e {r; Lo < QHt(Z} )
o We suppose that arm k is pulled for the a-th time in slot ¢}. Accordingly, we have Zn 1 a%if x = 1. Moreover, we have

te—1

Hk":aandH =a—1.

Based on the definition of events E} and E}, we have
N T K N
et -2 13 610 (Sate ) b ol DX 60 (St ) (1 4) |
t=1 k=1 n—1 n=1
T K

(a) N
SE{ (Fh—=7k) D @ ']IE;},



where the inequality (a) follows that event E} corresponds to fk — 7, < 0.
Given arm k € K, we calculate the sum of (7 —7,) S0, @1 I forall t € T, and obtain

ad (o) - ® I
~ _ ~ a AtY _ N _
SIURIN Oo ) RED SR R INS ST
W

k

H
© N
st (i - Letnrtty T 2 Lty
a=2 a=2
At

where the equahty (a) follows from Zn 1 xn x = L, the inequality (b) follows from fzz — 7 < 1, and the inequality (c)
follows from (r,c - rk)H w0 <1

Next we derive the upper bound for the second term and third term in (79).
« A upper bound of Za:Q (rk - fk) 'H{E;iﬁF):Z}.

When event F,ik happens, we have

a_ 31n(te
gy < nt(a ’_“2. (80)
2H,*
Moreover, the UCB updating rule (17) indicates that
31In(t¢
rk’“ < rt’“ gt nt(zfz. (81)
2H,
Combing (80) and (81), we have
a 31n(ts
P <2 nt(a ff, (82)
2H,*
which leads to
a 1 ta
(f,tj —m) T <2 20 (83)
{EFNF.FY} 2H£k 1
Accordingly, we obtain
H;;
RIS 31n(t 3InT ()
Z(rkk_rk). Eka}_ZZ 2Ht% 1_2 s V6In TZ
a=2 a=2 (84)

(¢)
S\/GlnT/ \/ dz— V6InT - 2\/HT71<2\/6HTIHT

where the inequality (a) follows from ¢{; < T, the equality (b) is due to H ,2’571 = a — 1, the inequality (c) follows the
basic integral calculation.

o An upper bound of Zf:"TQ ]I{ ,ta} Specifically, we have

il 3n(t) | e <1 ©1 3

s n(
3 u() 05 (5 n [TEE) 05 LS Lony [T Lal e
a= a=2 =

where (a) follows the definition of event F,ﬁ and the inequality (b) follows Chernoff-Hoeffding inequality.
Based on the above two bounds, we express ZtT:l E{W{} as follows:

ZE{W1}<E{Z(1+2\/W Hg+;’)} {+2mz\/§} (86)

k=1




Based on Jensen inequality, we have

T k=111k .
s [Sir| 2 ey 2 EY S H@ . 6
k=1 t=1n=1
where the inequalities (a) and (b) follow from Jensen inequality. Next we derive an upper bound for Zt 1 Z E[f. (2, 15)].

According to the definition in (7), we have

N /T TN N T
Vio(T) =Y (ZE[fn(mf,at) - %D >3 S E[fu(alat) — 6] = 3D E[fu(al,at)] - T, (88)

n=1 \t=1 n=1t=1 n=1t=1

where ¢ = 25:1 ¢n. Accordingly, we obtain

K T N
E> H,f} => 3 E[fn(:et, 1N)} <Vio(T) + T, (89)
= t=1n=1
Therefore, we have
= 5K
> E{W{} < -+ 21/6K [Vio(T) + T®]InT, (90)
t=1
which completes the proof of this lemma. O

Lemma 4. Define W as follows:

N K
Wy =3 > (P = k) T 1)
n=1k=1
Moreover, we have
T
> E{Wi} <3 (92)
t=1

Proof of Lemma 4. We start with deriving an upper bound for W as follows

K K N
E [Wi] =E lz i, — ) Zmnk g S (e —ih) > dh (]I{Ei}JrH{Ei})]
k=1 k=1 n=1 (93)
w [E e,
<SE D (Fe—7) > by Lipy |
k=1 n=1

where the equality (a) follows from the definition of events Ej, and Ef, the inequality (b) follows that we have 7 — 71, < 0
when event E}, happens. Next we consider two cases.

« Case of t < t;. Event E}. happens with probability zero. Hence we have

N
E|(Fx =)D -]I{EL}] =0. (94)
n=1
o Case of t > t. When event E! happens, we have 71 < 7, < 1. Given the updating rule (17), we have
_ 31n(¢)
pto— g1 ) 95
L= e ©3)
In this case, we have
N
(a) b c o _ 31In(t (d) 1
i — ) Z L Ly | < E{]I{Ez}} Opr (it <) Cpr <r,§ < — 2Ht(2> < 5 (96)
n—1 k

where the inequality (a) is due to (7 — L) Zﬁ[:l Ty, p < Tx — 7}, < 1, the equality (b) follows the definition of event
E}, the equality (c) is due to (95), and the inequality (d) follows Chernoff-Hoeffding inequality.



Therefore, given arm k € K, we obtain

=1 3
ZE T = 7 Z nilimg | S5 <5 ©7
The above two cases shows that
d 3K
dE{(WIE <5 (98)
t=1

which completes the proof of this lemma. O



